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Optimality Conditions for Coordinate-Convex
Policies in CAC With Nonlinear Feasibility
Boundaries
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Abstract—Optimality conditions for Call Admission Control
(CAC) problems with nonlinearly constrained feasibility regions
and K classes of users are derived. The adopted model is a
generalized stochastic knapsack, with exponentially distributed
interarrival times of the objects. Call admission strategies are
restricted to the family of Coordinate-Convex (CC) policies. For
K = 2 classes of users, both general structural properties of the
optimal CC policies and structural properties that depend on the
revenue ratio are investigated. Then, the analysis is extended to
the case K > 2. The theoretical results are exploited to narrow
the set of admissible solutions to the associated knapsack problem,
i.e., the set of CC policies to which an optimal one belongs.
With respect to results available in the literature, less restrictive
conditions on the optimality of the complete-sharing policy are
obtained. To illustrate the role played by the theoretical results on
the combinatorial CAC problem, simulation results are presented,
which show how the number of candidate optimal CC policies
dramatically decreases as the derived optimality conditions are
imposed.

Index Terms—Call Admission Control (CAC), combinatorial
optimization, Coordinate-Convex (CC) policies, feasibility region,
nonlinear constraints, Stochastic Knapsack problem.

I. INTRODUCTION

ALL Admission Control (CAC) determines when to ac-

cept or reject a new connection, flow, or call request,
thus limiting the load that enters a network. This is accom-
plished by verifying if enough resources are available to sat-
isfy the performance requirements (in terms, e.g., of packet loss,
delay, and jitter) of an incoming call without penalizing those
already in progress, in such a way to maximize an objective
represented, e.g., by the expected revenue associated with the
accepted calls. Therefore, CAC can be exploited to guarantee
specific quality-of-service (QoS) requirements on the load en-
tering the network.
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A basic model for CAC is the combinatorial optimization
problem known as Stochastic Knapsack [2] (see [3, Ch. 2—4]
for an in-depth exposition), in which one has C resource units
and K > 2 classes of users. The calls from each class & €
K = {1,..., K} arrive with exponentially distributed inter-
arrival times (e.g., according to a Poisson process). If accepted
by the system, each of them occupies by, resource units (e.g.,
bandwidth), which are released at the end of the call. The sim-
plest CAC policy, known as Complete Sharing (CS), consists
of accepting a call whenever the system has sufficient resource
units. However, CS may lead to a monopolistic use of resources
by certain classes of users [4, Sec. III]. This motivates the in-
terest in other admission policies [5, Sec. 7.1].

In general, finding optimal policies for the stochastic knap-
sack is a difficult combinatorial optimization problem [3, Ch. 4].
The a priori knowledge of structural properties of the optimal
policies is useful to narrow their search. For instance, for
two classes of users and an objective given by a weighted
sum of per-class average revenues, structural properties were
derived in [2] for the optimal Coordinate-Convex policies (CC
policies), whose definition is recalled in Section II. In practice,

system associated with the stochastic knapsack to suitable sub-
sets of {(ny1,...,nx) € N > okex Mibr < C}, where each
ny represents the number of calls of the kth class accepted by
the system and currently in progress. CC policies form a large
family of CAC policies, characterized by a relatively simple
structure and interesting properties, such as their product-form
steady-state distribution [3, Ch. 4] and bounds on per-class
blocking probabilities [6]. CC policies and their performance
are considered, e.g., in [7]-[10] in various contexts, such as
ATM and wireless networks. When service rates and resource
requirements do not depend on the customer’s classes (single
service), the optimal CAC policy is not CC and is called Trunk
Reservation (TR) [11], [12]. Recursive formulas to evaluate the
performance of TR were derived in [13] and [14]. However,
CC policies cover most practical cases, and they are often
taken as a starting point for further analysis. References [13]
and [14] propose an iterative algorithm to find a particular kind
of CC policy, called coordinate-optimal threshold policies, in
multiservice systems (i.e., systems where different classes may
have different and heterogeneous resource requirements and
mean service times).

The feasibility region [15, pp. 46-49], [16] is a (typi-
cally bounded) region Qlgg in the call space, where given
QoS requirements in terms, e.g., of packet-loss/packet-delay
probability, are statistically guaranteed. In Fig. 1, (9€pgr)™
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Fig. 1. Upperboundary (92rg )T of a feasibility region {¥zr with two classes
of users in the case of (a) a linearly constrained Qrr and (b) a nonlinearly
constrained Qrg .

denotes the (typically nonlinear) upper boundary of Qpg.
There exist various important contexts in which the linear
constraint {Zke «nkbr < C} in the stochastic knapsack
model, described in Fig. 1(a), has to be replaced by a more
complex (not necessarily convex) constraint, which defines a
nonlinear feasibility region. This is the case, e.g., with dynamic
service separation in statistical multiplexing [3], [17]. The
underlying idea of dynamic service separation is that only cell
streams from the same service (class of users) are allowed to
be statistically multiplexed. In an ATM multiplexer, a separate
mini-buffer is thus allocated to store cells from each service.
The QoS provision for each mini-buffer (i.e. cell loss rate,
maximum cell transfer delay, and cell delay variation) can be
supported by a weighted round robin or weighted fair queueing
scheduler and an appropriate assignment of the scheduling
weights. For dynamic service separation, the scheduling weight
for a given mini-buffer & is made directly proportional to
Ok (ny), which denotes the equivalent capacity (also known
as capacity function [3]) associated with the kth mini-buffer.
The equivalent capacity By (ng) is the minimum amount of
link capacity needed in order to meet the packet-level QoS
requirements when nj connections are being served at the
kth mini-buffer. To achieve the QoS guarantee for all the
mini-buffers that share the same link with total capacity ', the
number of ongoing connections n; must satisfy for all k£ the
capacity requirement constraint ., Gr(nz) < C. Under
service separation, it is worth noting that 8 (-) depends only on
ny and not on n;, j # k. By assigning an effective bandwidth
b, [3, p. 32] to the kth class, one obtains Fi(nk) = niby. How-
ever, the concept of effective bandwidth is an approximation
of the CAC system. Indeed, it is well known that to reflect the
economies of scale in statistically multiplexing cell streams,
Br{(ni) has to monotonically increase with decreasing slope
as ny increases [18], [19]. Therefore, in general one has to
cope with a nonlinear equivalent capacity, hence a nonlinearly
constrained feasibility region.

Another case in which the feasibility region is defined by non-
linear constraints is the cellular network scenario (CDMA2000
network) [20]. In [20], the outage-based admission region is
defined as the region of the call space where the probability
of outage (a disconnection of an accepted user) for each user
cannot exceed a prespecified threshold. The outage is described
by two parameters: the signal-to-interference-plus-noise ratio
(SINR) threshold v and a minimum duration 7. An outage oc-
curs when the SINR remains below the threshold  for a period
longer than or equal to 7. The feasibility region computed in [20]
turns out to be nonlinear.

IEEE/ACM TRANSACTIONS ON NETWORKING, VOL. 21, NO. 5, OCTOBER 2013

Feasibility regions with convex piecewise-linear constraints
arise in multiservice-multiresource (MSMR) systems [21]-[25].
In such cases, the constraint 3 rex npby < C of the stochastic
knapsack is replaced by an N-tuple of similar constraints
Yorex Pibri < Ci i o= 1,...,N. These can be further
generalized by replacing the terms ngbr; with Opi(n;),
i=1,...,N.

A feasibility region with a nonlinear constraint can be also
interpreted as being associated to a stochastic knapsack whose
size is variable and depends on the number of calls of each class
k=1,..., K. Asremarked in [3, pp. 139-140], often the non-
linear part of the boundary is difficult to describe, both analyti-
cally and by simulations. In such a situation, it is worth investi-
gating structural properties of the optimal policies.

Exploring this issue for the family of CC policies is the aim
of this paper, in which we further develop the approach pro-
posed in [1] and [26]. To the best of our knowledge, until now
the problem of deriving structural properties of the optimal CC
policies in the case of general nonlinearly constrained feasibility
regions has received little attention. Some exceptions are [20],
[23], [24], [27], and our previous works [1] and [26].

This paper is structured as follows. In Section II, we intro-
duce the CAC problem studied in [2], which we extend to the
case of a nonlinearly constrained feasibility region Qgg. Con-
cerning CAC problems with nonlinearly constrained feasibility
regions, CC policies and K = 2 classes of users, in Section III
we investigate the following:

» general structural properties of the optimal CC policies

(Section III-A);

+ an algorithm to enumerate all the candidate-optimal CC
policies, i.e., those that satisfy the above-mentioned struc-
tural properties (Section III-B);

« structural properties that depend on the revenue ratio asso-
ciated with the two classes of users (Section III-C).

Section IV extends to K > 2 the results in Section III. Numer-
ical simulations are reported in Section V. A conclusive dis-
cussion and comparisons with the results derived in [20] for
the optimality of the complete-sharing policy are contained in
Section VI. All the proofs of theorems and propositions are de-
ferred to Section VII.

II. PROBLEM FORMULATION

The model adopted in [2] for the CAC system is described
by a two-dimensional vector n, whose component ny, & =
1, 2, represents the number of connections of class % that have
been accepted by the system and are currently in progress. For
each class %, the interarrival times are exponentially distributed
with mean value 1/A.(n;) and the holding times of the ac-
cepted connections are independent and identically distributed
(i.i.d.) with mean value 1/p. The CAC system accepts or re-
jects a connection request according to a CC policy, whose def-
inition [3, p. 116] is recalled in Definition IIL.1.

Definition II.1: A nonempty set 2 C Qpr S N2 is called CC
if and only if for each n € €2 with n; > 0, one hasn — e; €
Q, Yk = 1,2, where e is a two-dimensional vector whose
kth component is 1 and the other is 0. The CC policy associated
with a CC set €2 admits an arriving request of connection if and
only if after admittance the state process remains in §2.
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As there is a one-to-one correspondence between CC sets and
CC policies, we use the symbol €2 to denote both a CC set and
a CC policy.

We consider the following optimization problem associated
with the CAC system:

maximize J(Q) = Z(n -1)Py(n) (D
neqn
st. Qe 'P(QFR) @)

where P(2rg) is the set of CC subsets of Qrg, r := (r1,72)
is a two-dimensional vector whose component 7, represents the
instantaneous revenue generated by any accepted connection of
class k that is in progress, and P (n) is the steady-state prob-
ability that the CAC system is in state n. Each r;, may be also
considered as a weight to set priorities between the classes. As 2
is CC, Pq(n) is known to take on the product-form expression

Hi:l (1)

Po(n) = . 3)
! ZmESZ Hi:l ar(mi)
where
(Li—l)\n, .
qr(ny) == Hjnz,—umkm )
Tk

In the case of a linearly constrained feasibility region {lpr
({(n1,....,ng) € NF 3, cnebe < C}), [2] derived
sufficient conditions under which the CC policies maximizing
the objective (1) are of threshold type (defined in Section III-C).
Such conditions depend on the value assumed by the revenue
ratio R := ro/r1.

III. NONLINEAR UPPER BOUNDARY, TWO CLASSES OF USERS

In our analysis, we consider the general case in which the
feasibility region {2pg may have a nonlinear upper boundary,
denoted by (9€2rg )™ [see Fig. 1(b)]. We denote by (9€2)* the
upper boundary of the CC set §2. The set 2pg is assumed to be
CC, as it often happens for feasibility regions defined in terms
of QoS constraints [28, Proposition 6.3]. We recall from [2] the
following definition.

Definition II.1: Thetuple (o, 5) € Qpr\{2isatype-1 corner
point for @ if and only if § > 1, (e, 8 — 1) € €2, and either
a=0or(x—1,0) € Q. The tuple (o, ) € Qrp \ Qisa
type-2 corner point for ) if and only if « > 1, (v — 1, 5) € Q,
and either # = 0 or (o, f — 1) € €.

We use the term “corner point” to refer both to a type-1 and
a type-2 corner point.

A. General Structural Properties

Let 2° denote a generic optimal CC policy (or its associ-
ated CC set). Proposition III.2 states that £2° has a nonempty
intersection with the upper boundary (92pg)T of the feasi-
bility region. Note that this is a nontrivial result, as for any two
CC sets 21,25 C Qpg, in general 23 C )5 does not imply
J(1) < J(Q).

Proposition 1I11.2: £)° has a nonempty intersection with
(0QFR)T.
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Fig. 2. Potential locations of the corner points of an optimal CC policy £2°.
According to Proposition III.3, the corner points of {2° have to be searched
among the points denoted by crosses.

Given a CC region 2, we define

I¥(ns) := max {j; € Ng such that (ji,n2) € Q}  (5)
I$}(n1) := max {js € Ng such that (nq, j2) € Q}. (6)

The values [’ (n) and I$}(n,) represent the maximum number
of type-1/type-2 connections allowed in 2 when one has already
ng type-2/n, type-1 connections, respectively. It follows from
the definitions that the functions /§}(-) are nonincreasing. We
define nf%, = 1577 (0), ny g 1= 1577 (0).

Our next Proposition I11.3, which extends the property stated
in [2, Theorem 1] for the linearly constrained case to nonlinearly
constrained feasibility regions, defines all the possible positions
of the corner points of an optimal CC policy £2°. In particular,
it states that the corner points of 2° can be located only among
the vertices of a suitable grid! denoted by crosses in Fig. 2.

Proposition I11.3:

(i) If (o, ) is a type-2 corner point for £2°, then for some

je=1,...,n5%,, one has
a =1 (jp) + 1. (7)
(ii) If («, 3) is a type-1 corner point for §2°, then for some
PR one has

L5 ,1ax

B=15""(j1) + 1.

a=1L.
(®)

Let S be the set of all CC policies whose corner points are
among the vertices of the grid G with vertical lines of equa-
tions @ = 0 and ov = "% (o) + 1 (j2 = 1,... 5% ) and
horizontal lines of equations 3 = 0 and 3 = l?“‘ (i) +1
(jh =1,... ,nf,ffnax). According to Proposition II1.3, any op-
timal CC policy €2° belongs to S.

For CC policies with at least two corner points,
Proposition I11.2 can also be obtained as a consequence of the
following Proposition II1.4, proved in [26]. The proposition
implies that between any two successive corner points
(ordered increasingly with respect to the coordinate ni) the

Note, however, that not all the combinations of points in the grid are a fea-
sible choice as corner points. Indeed, due to Definition III.1 and to the coordi-
nate-convexity of €2, no two corner points can be on the same vertical or hori-
zontal line.
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Fig. 3. Decomposition of the feasibility region into discrete disjoint rectangles.
The crosses represent the potential locations of the corner points of an optimal
CC policy, according to Proposition II1.3.

intersection between (902°)" and (9Qpg)T is nonempty (see
also [26, Fig. 2(b)]).

Proposition IIL.4 [26]: Let (a9, 3(0) and (a0+D, gli+1)
be two consecutive corner points of 2°. Then, the intersection
between the vertical line n; = it _ 1 and the horizontal
line ns = ,H(i) — 1 either lies on (9Qpgr )™ or is outside Qfr.

According to our next proposition, in order to identify a CC
policy €2 and, in particular, to find an optimal one €2°, it is suffi-
cient to search within the set of corner points. More specifically,
the proposition states that one can construct a CC policy starting
merely from the knowledge of the positions of its corner points.

Proposition II1.5: Let I(§2) denote the set of corner points
{(a®, B} ofa CC policy Q C Qpg and C; := {n € Qpg :
ny > o and ny > BD}. Then, Q@ = (g \ U5V C).

Proposition I11.5 shows that a CC policy €2 can be always ob-
tained by removing particular regions C;  from the feasibility
region {2prz . The regions !, are built by using the corner points
of 2. In the case of an optimal CC policy €2°, the search is sim-
plified by the fact that its corner points belong to the grid G,
so I(2°) C G. An interesting result related to Proposition II1.5
was stated in [23, Theorem 2] (in the general case K > 2),
where it was proved that for feasibility regions corresponding
to MSMR systems, the optimal CC policies £2° are obtained by
removing from the feasibility region Qgr; all the points that be-
long to the intersection of a finite number of hyperplanes. In
general, such a number of hyperplanes is not known a priori,
but by further restricting the search for the optimal policies to
convex CC subsets of {2pR, stronger optimality conditions were
provided [23, Corollary 1]. Moreover, [24] shows that any op-
timal CC policy is convex for a continuous relaxation of the
problem considered in [23].

B. Cardinality of the Set of Candidate Optimal CC Policies

The feasibility region can always be written as the union of a
finite number n,c; of discrete disjoint rectangles with bases on
the n1-axis or the no-axis, as shown in Fig. 3. Note from Fig. 3
that the cardinality |G| of the grid G is

(77‘2&:‘ Z) 1= ”rcct(”;oct + 1) 1

i=1

s0 it is a function of e only. Similarly, the cardinality |S| of
the set S is a function of n,..+ only; let us denote such a cardi-
nality by |S(7yeet }|. In general |S(7ireet )| is much smaller than
the cardinality 2/“! of the power set of Gi. Indeed, if a candidate
optimal CC policy has a corner point that is a vertex of G, then
some other vertices of G cannot be corner points for that policy.
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More precisely, for two successive corner points (oz(i) , ﬂ(i)) and
(@t g0+ with o < o+ the coordinate-convexity
of the policy imposes the constraint 5 > 50+1) 1In particular,
this implies that any optimal CC policy has at most

FRR
2, max

Nyect < MIN {ni{i’lax, n
corner points.

Algorithm 1 provides a way to compute |S(7pect )| by using
the following conditions (s; being the ith element of the cur-
rently examined set S, and s an element of S): a) all the co-
ordinates of s are smaller than or equal to the corresponding
coordinates of s;; b) all the coordinates of s are greater than or
equal to the corresponding coordinates of s;.

The correctness of Algorithm 1 can be verified as follows.

Algorithm 1: Enumeration of the CC policies with all corner
points on the grid G

Data: A subset S of potential corner points on the grid G
s; denotes the ith element of S (the ordering is chosen
arbitrarily).
Sfunction nPolicies(S)
{if S = () then
nPolicies «— 1
else
nPolicies — 0
for (i =1,...,]5|) do
S<; — {s; € Swithj <}
I — {s € S meeting cond. a) or b) w.r.t. 5;}
H «— S\ (5<iUR)
nPolicies «+— nPolicies + nPolicies(H )
end
nPolicies < nPolicies + 1
end
return nPolicies}
The number of all CC policies with corner points on the
grid G is then computed as nPolicics(G).

0NN AW

— e e
wn WD~ O 0

Algorithm 1 constructs each CC policy €2 with all its corner
points on the grid G by adding corner points one after the other.
Each time a point s; is inserted into the current set? of corner
points (line 6 in Algorithm 1), all the points s satisfying con-
ditions a) or b) with respect to s; are removed from the set
of potential corner points of €2 (line 9). Indeed, they cannot
be corner points of €2 since this is in contrast with the coordi-
nate-convexity of {2 and the fact that s; has already been chosen
as a corner point of £2. Moreover, according to line 7, all the
CC policies generated by Algorithm 1 have different sets of
corner points, so each CC policy is counted exactly once by
the algorithm. In particular, the number of policies is incre-
mented by one unit in two cases: either when the current set S is
empty (line 3), or when one has decided to exclude all the points
in S from being corner points of the current §2 (line 12). In both

20ne can check that by construction s; is a corner point, in the sense that it
satisfies Definition III.1 and is compatible with all the other corner points that
have been added so far in the previous calls of the recursive function “nPolicies”
of Algorithm 1.
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cases, the set of all the corner points of the current {2 can be ob-
tained by a backward examination of the choices of the index ¢
made in subsequent nested calls of the function “nPolicies” at
line 10.

As an example, referring to the feasibility region in Fig. 3,
Algorithm 1 provides |S(npect)| = 1.4,13,41 for nyeet =
1,2, 3, 4, respectively. Modifications of Algorithm 1 allow one
to compute also the exact number of all CC subsets of Qpg (i.c.,
the number of all its CC policies) or lower and upper bounds
on such a number. The number of candidate optimal CC poli-
cies can be further reduced by imposing compatibility with the
necessary optimality conditions stated in Propositions I11.2 and
II1.4 (see also Section V for an example). Both numbers can be
computed by suitable modifications of Algorithm 1, not detailed
here due to space constraints.

C. Structural Properties Dependent on the Revenue Ratio

Let us now consider structural properties of the optimal CC
policies obtained for suitable values of the revenue ratio It :=
ro/r1. The following definitions are needed.

Definition I11.6 [2]: For a, b € Ny, a < b, we define

S i)
> ak(d)

where ¢.(j) is defined in (4). @ (a, b) represents the expected
value of the random variable Xy (a,b) corresponding to the
equilibrium state of a birth—death process with birth rates A (j)
(for 5 > 0) given by

5y N Ak(]),
)‘k‘(.]) - { 07

and death rates jir(j) (for j > 1) given by
i) = {

Definition II1.7 [2]: Letk = 1,2. A CC policy {2 is threshold
type-k if and only if for some ¢}, = 0, .. one has

sila,b) = ©)

j<h
i=bh

i1>a
j=a.

. ,'rLEffnax
Q={(n1,n2) € Qpr : np < i} .

The following theorem states that under suitable conditions,
one has threshold-type optimal CC policies. The main idea of
the proof consists in deriving conditions that a point of the
grid G has to satisfy in order to be a corner point for 2° (see
Lemma VII.6). When such conditions are not satisfied for a
suitable subset of the grid, then Q° is of threshold type (see
Lemma VIL.7). The result is an extension of [2, Theorem 1] to
feasibility regions with a nonlinear upper boundary.

Definition I11.8: Let B and B2 be the maximum width and
the maximum height of a step in the upper boundary of the fea-
sibility region (9Qrr )T, respectively.

Refer to Fig. 3 for an example of B, and Bs.

Theorem II1.9: Let Ai(-) be nonincreasing for & = 1,2 and
R = ry/r1.

() If B > 21(0,By), then Q° is threshold type-1

and the threshold is equal to [5%(jy) for some

o FR
J2 = 0./ ey nQ’maX.
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(i) If (1/R) > 2(0,Bg), then Q° is threshold type-2

and the threshold is equal to [Y**(j;) for some

o FR
J1 = 07 < T maxe

(i) If£1(0, B1) < R < (1/22(0, By)), then 2° = Qpg.

An extension of [2, Theorem 1] to a nonlinearly constrained
feasibility region less general than ours and under a different
assumption on the holding-time distribution of the calls was re-
ported in [27, Sec. 4].

IV. EXTENSION TO K > 2 CLASSES

Let the number of classes K > 2 and, for a nonlinearly
constrained feasibility region, consider the problem formulation
given in Section II with all the two-dimensional vectors replaced
by correspondent K -dimensional ones.

Definition IV.1: A nonempty set 2 C Qpr © NE is called
CCifand only if foreveryn € Q2 withn, > O onehasn—e; €
), where e, is a K -dimensional vector whose kth component
is 1 and the others are 0. The CC policy associated with a CC
set {2 admits an arriving request of connection if and only if after
admittance the state process remains in §2.

Definition IV.1: Given a K-dimensional Cartesian coordi-
nate system, for £ € K and j € Ny, let

Pr(j) == {m e NF 1y = j}

be the Pi(7) the (K — 1)-dimensional discrete hyperplane at
the jth position along the kth axis.

Definition IV.3: For S € NE and k = 1,..., K, let
Ti\{x}(S) be the projection of S on Pi(0), ie., along
the kth axis. For a feasibility region Qrr < N and
k = 1,...,K, let nf® be the largest index j such that

"k, max

gk (2Fr N Pr(d)) # 0.
Definition IV.4: For a feasibility region Qrr <

-

NE, the

AN (Qrr \{0,0,...,0}), where the sets .4}, are constructed
as described in Algorithm 2.

Algorithm 2: Construction of the grid G

Data: We take K orthogonal (K — 1)-dimensional
discrete hyperplanes Pr(0), k =1,..., K.

1 foreachk =1,...,K do
2 A — 'P;.«,(O)
3 By «— W)C\{k}(QFR M Pk(O))
4 for (j =1,...,nf% ) do
5 ifﬂ';c\{k}(QFR N Pr()) S By then
6 p— AU Pk(J)
7 By — w3 (R N Pr(4))
8 end
9 end
10 end

11 The points of G are obtained as intersections of
hyperplanes in Ay, ..., A and Qpg, excluding the point

0,0, ...,0) that does not belong to the grid.

The following is an informal description of Algorithm 2.
Each hyperplane P (j) (line 1 in Algorithm 2) moves along
the kth axis starting from j = 0 and scanning the whole
feasibility region g (line 4). When the cross section
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Fig. 4. Tllustration of the procedure presented in Definition IV.4, Algorithm 2.
The points of the grid are obtained as intersections, as shown in (d), of suitable
planes shown in (a)—(c) for the point (ovq, s, a3).
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Fig. 5. Example of enumeration of the points in the grid G, with K = 2.

T\ (&} (QFr N Pr(f)) changes (line 5), the position j of the
hyperplane is recorded in A (line 6) together with the current
cross section (line 7). The hyperplane with j = 0 is always
considered (line 2). The intersections among the feasibility
region and the recorded discrete hyperplanes in the sets .4
form the points that compose the grid G (line 11). By definition,
the point (0, 0, . .., 0) does not belong to the grid.

Fig. 4 shows a feasibility region Qrr € N3; for the sake of
simplicity, only (992rgr)™ is drawn and represented as a con-
tinuous contour. Analogously, the discrete planes P are repre-
sented as continuous planes.

To identify a specific point g € G, we use the following no-
tation. Given a grid GG in a K -dimensional region, we associate
each point g in G witha 1 x K vector C, whose kth compo-
nent represents the position of the point along the kth axis. We
denote by Cg . the k£th component gy, of the point g associated
with C¢ 1. Refer to Fig. 5 for a graphical explanation in which
the point (2, 1), in a two-dimensional region is highlighted.

Definition IV.5: Givena,b € G € NI, b is consecutive to
a with respect to £ € K if and only if

a; = b; Vi e K\ {k}
b > ag
AceG:cj=a; =1b; Vi e K\ {k};er € (ag, br).
Of course, Definition IV.5 extends to the two vectors asso-
ciated with the two points a, b € G. Given two vectors Cg,
(C + eg); associated with two points in the grid G, with e, a
1x K vector whose kth component is 1 and the other ones are 0,
it follows from Definition IV.5 that (C + e;,) ¢ 18 consecutive
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to C¢ with respect to k& (see Fig. 5). The following is an ex-
tension of Definition III.1 to the multidimensional case. In the
two-dimensional case, in order to simplify the notation in the
previous sections, we denoted the second index as by 3.

Definition 1V.6: Given a CC policy 2, the K-tuple & =
(o1, 009, ..., ax) € Qpg \ 2 is a corner point for {2 if and only
if Vk € K such that «y, # 0, one has @ — e, € Q.

The following two results are extensions to the K -dimen-
sional case of Proposition I11.3 and Theorem II1.9, respectively.

Proposition IV. 7: 1f the K-tuple @ = (@1, cva, ..., o) isa
corner point of an optimal CC policy £2°, then it belongs to the
grid G.

Theorem IV.8: Let Ak (+) be nonincreasing fork =1,..., K.
The following holds.

(i) If for a given £ € K and for all the vectors Cg with

Ce.x # 0, one has

Zje/C\{k} &y (07 ";;Fﬁax)
Caor— 21 ((C—er)er,Cor—1)

then all the possible corner points of 2° have oy, = 0.

(ii) If condition (10) holds for all £ € K and for all the vectors

C¢ with CG,k’ 75 0, then 2° = Qlpg.

Extending the terminology used for 2 classes of users, we
call threshold type-k policy any CC policy {2 of the form 2 =
{(n1,....nx) € Qpr : np < #;} for some nonnegative in-
teger {r. All the corner points of such a policy have their Ath
coordinate «, = 0, for A # k. When the assumptions of The-
orem I'V.8(i) hold for all & # £k, it follows that €2° is a threshold
type-k policy, and by Proposition IV.7 its unique corner point
also belongs to the grid G.

Finally, we mention that Propositions III.2 and III.5 hold
also for the case? K > 2; due to space limits, their proofs are
only sketched at the end of Section VII. Moreover, for K > 2
Algorithm 1 can be used (with no variation) to enumerate all
the CC policies with corner points on the grid G.

re >

(10)

V. SIMULATION RESULTS

A. Number of CC Policies Satisfying Various Constraints

In this section, we show how the number of candidate optimal
CC policies dramatically decreases as the necessary optimality
conditions that we have derived are added. Four different sce-
narios are simulated. They are enumerated from 1 to 4 and differ
for the following:

* the number of classes and the relative feasibility region:
K = 2and Q%lr)( for Scenarios 1 and 2 and K = 3 and
SZ(FZP){ for Scenarios 3 and 4;

* the shape of the optimal CC policy £2°: in Scenario 2 (4,
respectively), the assumptions of Theorem II1.9(i) [The-
orem IV.8(i) for £ = 2 and 3, respectively] are satis-
fied, and any optimal CC policy €2° is a threshold type-1,
whereas in Scenarios 1 and 3, none of the conditions stated
in Theorem II1.9(i) [Theorem I'V.8(ii), respectively] is sat-
isfied, so the shape of {2° is not provided by such theorems.

Table I summarizes the scenarios used in the simulations. To
determine the two feasibility regions Q42 € N2 and Q%) €

- -

?For K > 2, the sets C'] are defined as C; := {n € Qg : n >
ac§;>, for k =1,.... K}, ie., they are i -dimensional hyperoctants.
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TABLE 1
SCENARIOS SIMULATED

Name | Users’ classes | Feasibility Region | Optimal CC policy
Scenario 1 K=2 Q%f%z Q¢ threshold type-1
Scenario 2 K=2 Q(,Jlg% Q° of unknown shape
Scenario 3 K=3 Q ; Q¢ threshold type-1
Scenario 4 K=3 QFZR Q¢ of unknown shape

TABLE II
TRAFFIC AND PACKET-LEVEL QOS PARAMETERS USED TO DETERMINE Q](;‘l]%
AND Q)
_ 1) _ (2)
K=2Q.5 K=3,Qrpn
Traffic source model ON-OFF model
Server link 250Mbit/s 90Mbit/s
Peak rate [8Mbit/s; 20Mbit/s] | [20Mbit/s; 20Mbit/s; 12Mbit/s]
ON period [1s; 10s] [15s; 15s; 1s]
Utilization [0.3; 0.3] [0.8; 0.8; 0.6]
Mini-but:fers size 5Mbit 5Mbit
Epsilon (0.1 0.001] [0.003; 0.003; 0.08]
TABLE III
CONNECTION-LEVEL TRAFFIC PARAMETERS
Name Traffic parameters Revenues
. A1 = 50; A2 = 150 r1 = 0.25; r0 = 2.5
Scenario 1 g1 =05 s =5 R—10
. )\1 = 50; )\2 = 150 T = 1.75; T2 = 2.5
Scenario 2 g1 =05 2 =5 R—7
. A1 =50, 2 =30, A3 = 20 _ _ .
Scenario 3 p1 = 70, o = 50, 3 = 45 ri=4,ro =6,r3 =7
. A1 =50, A2 = 30, A3 = 20 B s o
Scenario 4 p = 70, ji = 50, 3 = 45 r1 =4,79 =5,r3 =5

N3, we consider the following model. A network node is mod-
eled as a statistical multiplexer with service separation with dy-
namic partition, in which the feasibility region is characterized
by the constraint ), . Br(nz) < C. Assuming ON—OFF traffic
sources, we use the results from [18] to compute the following
approximation of the capacity function S (n):

Be(ng) ~min{D : p(ng, D, S) < e} (11)
where p(ng, D, S) is the packet loss probability associated with
ny, sources of class & sharing a bandwidth DD and a mini-buffer
of fixed size S. Then, () is approximated as the minimum
value of bandwidth D) in order to maintain the packet loss prob-
ability of packets belonging to the n; accepted connections
below a determinate value ¢, > 0, for a fixed S.

Table II shows the parameters used to compute Q%lf){ and ng)v
The feasibility regions S'Z(Fll% and Q(F? are shown in Figs. 6 and
7, respectively.

Table IIT shows the connection-level traffic parameters,
structured into four scenarios, used in the simulations. In
particular, in Scenario 1, with the feasibility region Q%lf){, we
have B; = 8 and I3y = 1; for Ay = 50, Ao = 150, y41 = 0.5,
t2 = 5,11 = 0.25, and o = 2.5, we have R = ro/r = 10,
21(0,8) ~ 7.92 and x2(0,1) ~ 0.97. Then, R > x1(0,8)
and by Theorem IIL.9(i), there exists an optimal CC policy
that is threshold type-1. An upper bound on the number of
such threshold type-1 policies is simply nf® 4+ 1. One can

1, max

obtain a smaller upper bound by observing that the location
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Fig. 6. Feasibility region SZI(TII){ determined by the parameters in Table II.

n

Fig. 7. Feasibility region 2 determined by the parameters in Table II.

of the optimal threshold has to satisfy Proposition II1.3. In
Scenario 2, the only parameter that changes is the revenue
rate, given in this case by R = 7. Then, R < x1(0,8) and
1/R < 22(0, 1), so we cannot conclude by Theorem I11.9 about
the shape of (2°. Similarly, in Scenario 3 the parameters were
chosen in order to satisfy the assumptions of Theorem IV.8(i)
for £ = 2 and 3 (so the resulting optimal policy is threshold
type-1), whereas in Scenario 4, none of the assumptions of
Theorem IV.8 is satisfied, so we cannot conclude by The-
orem IV.8. For Scenarios 1 and 2, Table IV shows a lower
bound on the number of all CC policies, the number of policies
that satisfy: Proposition II1.3, Propositions II1.3 and III.2, and
Propositions III1.2-11I.4. Table IV allows checking how the
number of candidate optimal CC policies decreases as the
necessary optimality conditions are added. In Scenario 1, also
Theorem II1.9(i) can be applied. A similar comparison is then
made for Scenarios 3 and 4 in Table V using the corresponding
results available for the multidimensional case.

It is important to remark that when the associated conditions
of Theorem I11.9 or I'V.8 are not met, the optimal CC policy may
not be of threshold type; in particular, it may be represented by
a nonconvex set 2° [23].

B. Changes in the Optimal CC Policies Due to Traffic/Revenue
Changes

Using the values of A1, Ao, pe1, p1o of Scenario 1, Fig. 8 shows
the dependence of the shape of the optimal CC policy €2° on the
revenue ratio E. Fig. 9 shows how the optimal CC policy varies
when we consider different values of the arrival rates. We take
Q%ll% with y4; = 0.5, 3 = 5, and R = 4. The values of A; and
A2 vary in the interval [0.5, 5].

VI. FINAL DISCUSSION AND COMPARISONS TO
PREVIOUS RESULTS

We have derived structural properties of the corner points
of the optimal CC policies in CAC problems with nonlinearly
constrained feasibility regions and K classes of users. These
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TABLE IV
NUMBER OF CC POLICIES SATISFYING VARIOUS CONSTRAINTS COMING FROM THE OPTIMALITY CONDITIONS STATED IN SECTION III-A

| Number of CC policies |

Propositions Scenario 1 [ Scenario 2
All policies > 98279
Policies satisfying Proposition 111.3 4861
Policies satisfying Propositions II11.3 and II11.2 3432
Policies satisfying Propositions III.3, 1I1.2, and I11.4 1023
Policies satisfying Theorem II1.9(i) (Threshold Type-1) 9 | not applicable

TABLE V
NUMBER OF CC POLICIES SATISFYING VARIOUS CONSTRAINTS COMING FROM THE OPTIMALITY CONDITIONS STATED IN SECTIONS III-A AND IV

[ Number of CC policies |

Propositions Scenario 3 | Scenario 4
All policies > 3958513
Policies satisfying Proposition IV.7 156250
Policies satisfying Propositions IV.7 and II1.2 153753
Policies satisfying Proposition IV.7 and Theorem IV.8(i) for £ = 2 and 3 (Threshold Type-1) 5 [ not applicable

Threshold type-2 Unknown shape  Threshold type-1

| | > R
| _
1/x9 ~ 1.03

|
) ~ 792

Fig. 8. Dependence of the shape of the optimal CC policy £2° on the revenue
ratio 2.

Threshold type-1

Unknown shape

Fig. 9. Dependence of the shape of the optimal CC policy €2 on the arrival
rates A; and As.

properties can be exploited to narrow the search for the op-
timal CC policies. In particular, Theorems I11.9 and IV.8 pro-
vide sufficient conditions for the optimality of several kinds of
threshold-type policies and for the optimality of the complete
sharing policy. Propositions II1.3 and IV.7 also provide pos-
sible locations of the corner points of an optimal CC policy (in
particular, when there exists an optimal threshold-type policy,
they restrict the search for an optimal location of the threshold).
Proposition II1.2 (which holds also for the case K > 2) fur-
ther restricts the locations of the corner points of an optimal CC
policy. Although the results of the paper hold for any K > 2,
to ease its readability, the case K = 2 was first considered, then
the main results were extended to K > 2 classes.

The case of homogeneous Poisson arrivals and exponential
call durations, which was considered in the simulations, is often
assumed in the literature (see, e.g., [29]). However, the results
of the paper hold also for non-Poisson arrivals (i.e., arrivals
with rates depending on the state of the CAC system) and may

be extended to rates also slowly depending on time. Priority
among the classes of users can be incorporated in the model
by choosing suitable revenues 7 [25] or by using cooperative
game theory [30]. Also, trunk reservation policies can be used
to this aim, but they are not CC policies. In [20, Sec. IV-A and
IV-C], for a similar* CAC model with nonlinearly constrained
feasibility regions, the authors derived a sufficient condition
for which complete sharing (CS)—also called greedy policy in
[20]—is an optimal CC policy. For K = 2, the sufficient con-
dition for the optimality of CS given in [20, Equation (34)] is
(rewritten using our notation)

A 1
pi=L<Rr<B— —

{11 Az P2

(12)

The sufficient condition for the optimality of CS, which follows
by our Theorem III.9(iii), is instead

1
— <71(0,B1) < R <

——— < L. 13
Ly w2(0,B2) = ° (13)
The following relationships hold.
Proposition VI.1:
1<“(OB)< <R<1< ! <L
I, > 21y, B P1 e 22(0, Ba) = 2-

Proposition VI.1 implies that our sufficient condition (13) for
the optimality of CS is less restrictive than condition (12).

In [20, Sec. IV-C], the following sufficient condition for the
optimality of CS for a feasibility region with K > 2 classes is

given
Tk > Z 7ﬁ
= - , J[Lj
FERN{k}

vk € K. (14)

As a particularly simple but illustrative example, (14) holds,
e.g., when all the ratios A;/p; are sufficiently small. On the

4The only significant difference between the two models has to do with the
discretizations of the time variable in [20] and, consequently, of the arrival and
departure processes. Our model can be considered as the limit of the one in [20]
when the sampling interval tends to 0. A second minor difference is that the
optimization problem in [20, Section IV-A] has a finite horizon. However, in
[20, Section IV-C] the authors show that their solution solves also a discrete-
time version of the infinite-horizon optimization problem with average reward
per-unit time defined by the objective (1).
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other hand, the sufficient condition from our Theorem IV.8(ii)
is

S iervgny T (0 nER )

Ty >
, Cor— 2, ((C—ep)er: Car—1)

(15)

for all £ € K and all the vectors C with C¢ i # 0.
Proposition VL2: For all k € K and all the vectors Cg with
Ce.r # 0, one has

Z7€K\{k} %5 (O/ n?zifilmax)
Cor—2r((C—er)ar Cap — 1)

< Z T /\—7

jexniky M

Proposition V1.2 implies that the sufficient conditions expressed
in (14) are more restrictive than ours in (15).

When the conditions of Theorems II1.9 and I'V.8 do not hold,
we first observe that our results still show that the search for an
optimal CC policy can be restricted to CC policies with all their
corner points on the grid . Algorithm 1 provides a way to enu-
merate all such policies. In the case in which the number of such
policies is large, it is still possible to replace the feasibility re-
gion Qg with feasibility regions Qpr C Qpg and Qfg O Qpr
with “simpler” contours (in the sense that the associated grids G/
and G” have smaller sizes than the one of (7), then to evaluate
the performance of all the CC policies generated by Algorithm 1
applied to O and Qpp; instead of Qpr. In this way, one ob-
tains, respectively, a lower bound and an upper bound on the
performance of an optimal CC policy for the original problem
associated with {2pg . Another possible application of our results
to the investigation of suboptimal policies is in the development
of greedy algorithms, such as the one described in [26]. Some
preliminary results in this direction were presented in [31].

A second way of restricting the search for an optimal CC
policy consists in applying suitable variations of Theorems II1.9
and IV.8, which show that for certain values of the parame-
ters ¢, some corner points of the grid & can be excluded from
the search of an optimal CC policy. For simplicity of exposition,
in the following we only state one of such possible variations of
Theorem V.8, which provides, for K > 2, some steps toward
the characterization of the optimality of the restricted complete
sharing policy, as defined in [32] (due to space limits, we do
not state an analogous result for the case K = 2, for which,
however, one can show that the restricted complete sharing
policy is a particular case of a threshold type-1 or threshold
type-2 policy). Inspection of such a definition shows that, for
all k classes with the exception of at most one value of k, the
restricted complete sharing policy has corner points whose
kth coordinates are equal to 0 or 1.5 Interestingly, while [32]
provides bounds and numerical results on the performance
of the restricted complete sharing policy (only for linearly

5The definition of the restricted complete sharing policy used here differs
slightly from that used in [32]. Therein, also a way to determine for which values
of k the kth coordinate is equal to 0, for which it is equal to 1, and for which
it is free from these two constraints is provided. Since such conditions do not
influence the form of the restricted complete sharing policy, we have not taken
them into account in the following analysis in order to simplify the statement of
Proposition VI.3. Of course, one might still take them into account and state a
suitable variation of Proposition V1.3 at the expense of a heavier notation.

1371

TABLE VI
PARAMETERS FOR THE APPLICATION OF PROPOSITION VI.3. IN THE TABLE, WE
ASSUME THAT EACH A () HAS A CONSTANT VALUE A; > 0 AND THAT THE
FEASIBILITY REGION §241; IS CHOSEN IN SUCH A WAY THAT THE POSSIBLE
VALUES OF C¢ 4 ARE O, 1, AND 5

Th Pk

p1=1/3
p2=1/4 | nFR =
ps=1/5 | nf'E =3
pa=1/6

r =4
ro =3
r3 =2
rg =1

constrained feasibility regions), it does not provide conditions
for its optimality.6

Proposition VL.3: Let K > 2, A(-),A2(),.... Ax () be
nonincreasing. For all but one class %, let one of the following
conditions hold.

(i) For all vectors C with Cg ;; # 0 that are associated

with points in the grid G, one has

> serev (i 7% (0.5 o)

T > . 16

g Cor— 2 ((C—er)aw Car—1) (16)

(ii) There exists a point& = (1, @, ..., g ) € G such that
A = 1

Tk S Z Ty (Onf,{:lax) (17)

JERN{k}
and for all vectors C¢ with C¢ x # 0,1 that are associ-
ated with points in the grid (+, one has

Zjelc\{k} L (0= "FEW)
Cor—2:((C—er)er,Cor— 1)

T >

(18)

Then, any optimal CC policy ©2° has the form of the re-
stricted complete sharing policy.

As an example, Proposition V1.3 can be applied to the set of
parameters reported in Table VI for K = 4. In this particular ex-
ample, due to Proposition V1.3, the number of possible optimal
corner points is bounded from above by only 2(nfR  +1) = 8.

VII. PROOFS AND TECHNICAL LEMMAS

Proposition I11.2: The following definition and proposition
are needed in the proof. Note that Definition VII.1 holds also
for the case of K > 2 classes of users.

Definition VII.1: A nonempty set S~ < {lpg is incremen-
tally removable with respect to a CC set @ C Qpg (IRq) if
and only if S~ € Q and 2\ S~ is still a CC set. A nonempty
set ST C Qgpg is incrementally admissible with respect to £
(IAg)ifand only if St NQ =0 and QU ST isstill a CC set.

Proposition VIL.2 [26, Proposition I1L.3]: Let K = 2, («, 3)
be a type-2 corner point for 2 and suppose that there exist
n,m,p € Ny such that S~ = {(a — 1 —4,8+1) : j =
P} € Q,isIRg,and ST := {(a + 5,8+
):s=0,...,m,i=0,...,p} € Qpg,is T Aqg. Then, at least

There are cases in which the restricted complete sharing policy is strictly
suboptimal. Indeed, for X' > 2, simulation results showing significant improve-
ments of certain multiple-threshold policies over the restricted complete sharing
policy are presented in [14, Table IV] (the table refers to the case &' = 16).
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Fig. 10 Sets 2, S*, and .S~ used in the proof of Proposition II1.2.

© SQust ™

one of the following inequalities holds: 1) J(Q U S1) > J(Q);
2) J(X\ S7) > J(6).

Proof of Proposition II1.2 for K = 2: Let us consider any
CC set 2 C Qpg such that 2 N (9QFr)T = B. We show that
by a repeated application of Proposition VII.2, one can find a
sequence of CC sets associated with better CC policies, such
that at least one of these sets intersects (9§2pg ) ™.

Let 7(€2) be the set whose elements are the corner points
of 2 and [I(2)| its cardinality. We observe that for any two
such successive corner points (), 3)) and (aU+V, gG+1),
the coordinate-convexity of €2 implies 6 > g+ As QN
(8Qrr)™T = 0, 2 has at least two corner points, where the first
one () = 0,8 > 0) is on the ny-axis and the last one
(a(‘I(Q)D > 0, DD = 0) is on the nq -axis [see Fig. 10(a)].

a) If |[I(£2)] > 2, then we apply Proposition VIL.2 to the
corner point (o) > 0, gUTEVD = 0), choosing n =
aTED _ q((H@=1) _1 5 = gUIEDI=1) _ gD _ 1
and m the largest nonnegative integer such that
(7D gy gUIEI-D) _ 5T _ 1) e (Qpg)T
[see Fig. 10(b)]. By Proposition VII.2, at least one of the
inequalities J(2\ S7) > J(£2) and J(Q U ST) > J(£2)
holds. By construction, (2 U S*) N (9Q2pr)t # 0,
so if J(2 U St) > J(£2), the statement is proved
[see Fig. 10(c)]. Otherwise, J(©2 \ S~) > J(). Note
that  \ S~ does not intersect (J2rr )™ and has only
[7(£2)] — 1 corner points [see Fig. 10(d)], where the last
one is (oD~ 0), where oD~ > 0. Thus, we
can repeat the arguments used above starting from 2\ S~
instead of 2. After at most |7(€2)| — 2 applications of
Proposition VII.2, we reach one of the following cases:
Either we find a CC policy better than the initial one and
with associated CC set intersecting (J{2rr )", or we end
up with the next case (b).

b) If |I(£2)| = 2, then € is rectangular. Hence, the CAC
system performs a decoupling between the two classes of
users. Then, £ can be improved by extending one of its
opposite sides until it meets (OQrr )" .

|
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Fig. 11. Example of a CC set {2 having a type-2 corner point (¢, 3) for which
a# I?FR(]'Q) +1foreveryj. =1,...,nf% .

Proposition II1.3: We recall from [2] that the definition of
the objective J(-) in (1) can be extended consistently to all (not
necessarily CC) sets S C {lpg in the following way:

J(S): Z((;)) (19)
with
H(S) =Y (n-r) [T alm) (20)
nes k=1
G(S) = Z H gr(ng). 2n
nes k=1

For a rectangular region S := {a,a + 1,...,b} x {c,c +
1,...,d}, from (4), (20), and (21), it follows that
J(S) = rizq(a,b) + rows(c, d). (22)
Lemma VIL3 [2, Lemma 2], Extended to the K -Dimensional
Case: Let £2° be an optimal CC policy. Then: i) if S is T Ao,
then J(S) < J(Q°);1i) if S is T Rqe, then J(S) > J(0°).
Proof of Lemma VII.3: i) Let S be I Ag,. By the definition of
J(9) and the optimality of ©2°, we have

H(Q) + H(S) _ 5090 oy _ H(2)
GG WY ST = Gy
which in turn implies
H(S) = H(Q°) o
T8 =G < Guomy =7

The proof of ii) is similar.

Proof of Proposition I11.3: We prove only (i), as (ii) is ob-
tained in the same way by exchanging the roles of the two
classes of users. Suppose that (7) is violated for every j =
1,...,n5% Bychoosingn =¥ («—1)—3>0,8(n) =
{(a=1,8+i):i=0,...,n} C Q°,and S*(n) = {(a, B+1i) :
i=0,...,n} C Qpgr \ ° (see Fig. 11), it follows that the sets
Q°\ S (n)and Q° U S*(n) are CC, s0 S (n) is IRo- and
ST (n) is TAge. By (22), we get J(S~(n)) = ri{a — 1) +
roxe(B, 8+ n) < ratraza(B3, 3+ n) = J(St(n)), but this
contradicts the optimality condition in Lemma VII.3, so there
exists j2 = 1,...,n5%  such that (7) holds. |

Proof of Proposition IIL.5 for K = 2: We build € starting
from Qpgr and removing subregions from Q2pR, each associated
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(a®, 50)
E;

(a6, D)

Fig. 12. Sets V;, H,, and E; considered in the proof of Proposition IIL.5.

with one of the |7(£2)| corner points of §2. To simplify the no-
tations, we assume 7(€2) # ). The case 7(€?) = ) can be dealt
with similarly.

Let (a®, 3(9) be one of these corner points. Consider a point
(f1,72) € C7 :={n € Qggr : n1 > a® and ny > ﬁ(i)}
and suppose that (711, 72) € €. The coordinate-convexity of {2
implies (721, 8) € © and (!?, 3) € O, which is a contra-
diction. Therefore, each corner point (a9, 3()) excludes from
{2pr the set C; . Then

o c (o \ulPer). (23)
Now, we show that also © = (Qpg \ U,lii(iz)‘ C;7) holds, so €2 is
completely determined by the knowledge of the locations of all
its corner points. This can be proved by showing that if (2pg \
U'LI:(?) | C7\Q # 0, then Q2 would have at least | I(€2)|+1 corner
points, which is a contradiction. We detail this part of the proof
considering what happens inside the strip ¢}; := {(n1,n2) €
N2 : oz(") < n1 < ol between two consecutive corner
points (@, B0} and (a1, gE+1)Y) (suppose for simplicity
of notation that all their coordinates are positive).’ First of all,
note that (Q2rr \ UZS'C) N Q; = (Qer \ C; ) N Q;. Then,
by the definition of a corner point and the coordinate-convexity
of Qone has V; := {(a{ k) : k = 0,...,8% -1} C Q
and H; := {(a®@ + h,5) : h=0,...,a0F) — o — 15 =

LB C Q.

Let F; := ((QFR \ C;) n QZ) \ (1/1 U Hz)’ F, .= E, \ Q,
and suppose that F; # 0. Let (p1, p2) be one of the points of F;
with minimal first coordinate, then by the coordinate-convexity
of Qone has {(p1 — 1,1) : 1 = 0,...,pa} C Q. Let (p1,p2)
be the only point of F; with first coordinate p; and minimal
second coordinate. One can check by the definition that (p1, p2)
is a corner point, but this is a contradiction since the only corner
point in the strip Q; is («®, 3%)) by construction. Then, F;
must be empty, and therefore F; C ). Fig. 12 shows an example
of the sets V;, H;, and E; considered in this proof

Summing up, (Qrg \ U,'L-I:(?)‘C;) NE; C Q2N Q;. This,
combined with QN@Q); C (S’ZFR\ULSZ)‘C?)DQ,; [obtained from
(23)], proves that 2N Q; = (Qpr \ U‘ii(iz lC{) N@Q;. Similarly,
for the sets Qg and Q)|7(qy defined in footnote 7, one has €2 N

7Similarly, if /) > 0, then one should also consider the first strip Qo :=
{(n1,m2) € N2 : 0 < n; < a®}, and if 0D > 0, then one should
take into account also the last strip @ r¢ayj41 = {(n1.n2) € N§ : ny >
ALY,
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Qo = (g \ ULI:(?)'C[) N Qo,and &N Q\I(QE l+1 = (Qrr \
U ) M Q iy g Hence, @ = (Qpp \ U GV'Cr). m

Proof of Theorem II1.9: The proof of Theorem III. 9 is ob-
tained combining the following technical lemmas. Lemma VII.4
can be also proved as a consequence of Proposition III.5.

Lemma VIIL.4 (From [2, Lemma 1]): Let K = 2. A CC policy
is a type-k threshold if and only if it has no type-% corner points
(k =1,2).

Lemma VILS5 (From [2, Lemma 3]): For any nonnegative in-
tegersa, b,c,d. e, f withb > a,d > ¢, f > e,b+d > f,a+c >
e, we have x4 (a, b)) + xp(c,d) > wple, f); k=1,..., K.

Lemma VII.6 is our extension of [2, Lemma 4] to general
nonlinearly constrained feasibility regions. With respect to [2],
due to the different shape of the feasibility region, in gen-
eral, it is not true that j # h implies I{¥%(5) # ZQ“‘(h)
As shown in Fig. 2, for every j» € {0,...,nf%

77’2 max
there exist a minimum index 7() <
index Jé "> j, such that () is constant on the set
(5, ...,jé“)} C {0,....,n5%..}. Similarly, for every

<n
and a maximum index j§u) > 71 such that ZQFR (+) is constant

on the set {;\,..., 5" C {o0,... nf fRx). Let By =

jo and a maximum

7€ {0,..., nfﬁmx}, there exist a minimum index ,7£ )

max{jiu) - ]El) + 1: ]1 = 07 st 1 mﬁx} <771 ,max + 1 and
Bs = max{jzu) —jél) F1lijo=0,...,05% } <nf¥_ +1.
Lemma VII6:
(i) If (cx, ) is a type-2 corner point for (2° and As(+) is non-
increasing, then for some j> = 1,...,n} 2 R . (7) holds

together with
Ra2(0, Ba) > 1 (Z?FR (;jé”) 41, 0m (jé") - 1))
oy (7 (87 + ) 1 (557)) . 9

(ii) If («, @) is a type-1 corner point for ° and A1(+) is non-
increasing, then for some j; = 1,..., (8) holds
together with

%1171(0,B1) > 1y <l<22m (J-El)) + l,lg‘“ (jy) - 1))
= (17 (317 1) = 1 (7)) 09)

Proof of Lemma VIL6: Given a type-2 corner point («, /3),
by Proposition II1.3(i) for some ja» = 1....,n57 .y, one has
a = 7R (j ) + 1. Choosing n = 1§ (0/ - 1) -8 >0,
m = max{(I97(0) - 8),0}, § (n) = (PTG 4 1) +
Lo 8GN {8, 8 + n) € Q°, and §*(m) =
om0y, ARG - DY AB, . Brm) C QR
§2° (see Fig. 13), 1tAfollows that the sets 2° \ §7(n) and Q° U
St (m) are CC,s0 S~ (n)is I Rgo and ST (m) is [ Aqo. By (22)
one gets

J(8 ) =ra (1 (58 + 1) + 1,020 (35))

+ 7'2-/]52(/67/6 =+ TI/)

”1 ,max>

and

J (5""(m)) =111 (lsl TR ( (l)) + l,l?FR (Jél) - 1))

+ rax0 (8, 5+ m).
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Fig. 13. Description of a step in the proof of Lemma VII.6.

Combining these equalities with Lemma VIL.3 (which implies
J(S~(n)) > J(S*(n))), one has

R(x2(B8,8 4+ n) — 22(5,8+ m))

s o (180 (590) - 1,8 (30— 1)

—n (z‘f“ (j;@ + 1) +1, 15w (jé”)) . (26)

Since 0 < n—m < Bj (see Fig. 13) and A2 () is nonincreasing,
by Lemma VIL.5, one obtains

22(0, Bg) > z2(3. 8 +n) —z2(8, 5 +m)

which, when combined with (26), proves (24). Formula (ii) is
proved similarly by exchanging the two classes os users. H
Lemma VIL7: Let A (-) be nonincreasing for k = 1, 2.
(1) If 1/R < L4, where

&2 (zgpn (jf))—+l,l§FR (jf)471))

3,']_(07 Bl)

o (90 (59 1) 1,180 (59))

731((),B1)

min
j1=1,....nFE

¥l max

then Q“ is threshold type-1, and the threshold is equal to
some /"™ (jz) for some jo = 0,...,nE%_ .
(i) If R < Lo, where

o (10 (58010 (580 -1))

LL'Q(O., BQ)

o (197 (G0 +1) #1000 (57))

JJ;)(O, Bg)

min
Ja=1,..nIR

2, max
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then €2° is threshold type-2, and the threshold is equal to
some /37" (jy) for some j; = 0,...,nf%_ .
(iii) If1/Ly < R < Lo, then 2° = QpR.

Proof of Lemma VIL.7:

(i) If 1/R < Ly, then by Lemma VIL6(ii), £2° has no
type-1 corner points, so it is a threshold type-1 policy by
Lemma VIIL.4. Let ¢; denote the corresponding threshold.
Then, either t; = niT. = [{¥%(0) or (f; + 1,0)
is a type-2 corner point for Q°. In the second case, by
Proposition I11.3(i), we have t; + 1 = I{¥%(j5) + 1 for
some 72 = 13 nglf;lax

(i1) (ii) is proved 51m11ar1y

(iii) If 1/L; < R < Ls, then by parts (i) and (ii) 2° is both

threshold type-1 and threshold type-2, so it coincides with
Qrg.

|
Remark VILS: In the case of a linearly constrained feasi-
bility region with By = 1 (i.e., the one considered in [2]),
one has JP = JE “) for each J1=0,...,nf% Land L, =
1/21(0, By). Hence, in this case Lemma VIL7(i) reduces to

[2, Theorem 1(i)].

Proof of Theorem II1.9: For each j; = 0,...,ni8 ‘max>
-) and of 7%’), 7£ ) that

(1 (1) 187 (1)) 28 (3)
o (8 (0 0) <18 (1) < 8 o)

and (77 () = 1970 (Y so Ly > 1/21(0, By ). Similarly,
we have Lo > 1/:1}2(0,32). |

Proposition IV.7: Before proving Proposition IV.7, as we did
before for the two-dimensional case, we extend the definition
of the objective J(-) to any K -dimensional region S C {dpp as
follows:

it fol-
lows from the definitions of z2(-,

ZnES(n r Hk 1Qk(”k)
ZnES Hk 1 @ ()

Note that, for any CC set 2 C Qpg and 57 € Q C S, with
S and Ss hyper-rectangles, it follows from (27) that J{S3) >
J(£2) > J(S1) (instead, this is not true in general when S; and
So are not hyper-rectangles). Moreover, given a K -dimensional
region S of the form

J(8) = = 27)

5= {n €Qpr:n=n0+n® n® e g

andn® ¢ {aeg, ..., bek}} (28)
where a, b € Ny, a < band S’ € N& is made up of points
whose kth component is 0, it follows from (27) that
J(S) = J(S") + rexi(a. b). (29)
Proof of Proposition IV.7: We show that if a corner point
a ¢ G exists for an optimal CC policy §2°, then we can construct
two CC regions S~ € Qpgr, ST € Qg such that a necessary
condition for the optimality of £2° is violated.
By construction of the grid G (Definition IV .4), since & &€ G,
there exists an index & € K such that the component cv;, of ¢ is
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not in the set of possible values assumed by the kth coordinate
of a point of the grid. Let ¢, be the largest value smaller than
vy, that can be assumed by the kth coordinate of a point of the
grid, and g a point of the grid whose k£th component is &, and
whose associated vector is Cg. Without loss of generality, we
suppose that there is no other corner point ¢ of €2° whose kth
component vy, satisfies dig, < @y < ay. Let

S5, =N Prldng)
S:u, =QNPrlar)

and

8" = mov (Sa) \Treviey (Sa,) -

Then, the set

S = {n € Qpg:n=nW + n( n e g’

andn® = (o — l)ek} (30)

is 1130, whereas, by the construction of the grid, it follows
that between C and its consecutive point (C + e) . the cross
section of {2pr along the £th axis does not change, so

St .= {n € Qg :n=nM + n(Z),n(l) cs

and n® = ozkek} G1)

is a subset of {2rg and is I Ag-. By formula (29), we get

T(S) = () + ralax — 1)
J(S+) = ](Sl) + rpQ.

Thus, one gets J(S ) < J(ST), which contradicts the opti-
mality condition in Lemma VII.3, and one concludes that if a
corner point of 2° exists, then it has to be in the grid G. |

Theorem IV.8: The proof of Theorem IV.8 is based on the
following lemma, which is an extension of Lemma VII.7 to the
multidimensional case.

Lemma VIL9: Ifthe K-tuple @ = (1, a,...,ax) € Gisa
corner point for an optimal CC policy £2° and is associated with
the vector Cg, and Aq(-), A2(),..., Ax(-) are nonincreasing,
then, for all & such that o, # 0, one has

Z T (0 " max)
JERN{k}
> Z 7171 0 77/111ax_aj)
JERN{k}
2 Tk (O/.k — Tk ((C — ek)G’]ﬁ CG7;\. — 1)) . (32)
Proof of Lemma VIL9: For each of the components o, # 0
of @, we can construct two CC regions S, and S} as follows.
Likewise in the proof of Proposition IV.7, let ¢, be the largest
value smaller than ey, that can be assumed by the kth coordinate
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of a point of the grid, and g a point of the grid whose kth com-
ponent is &, and whose associated vector is Cg . Let

Sét/c =an ’Pk(é'k)
S;k =0 N Prlak)
QpR,o = OFr N Pr(ak)
S =y (Sa) \ e (S6,)
and
St =8 N ey (Ve o) -

Then, the set

Sp = {nem:n=n"+n nes

andn® ¢ {breg, ..., (ar — 1)ek}} (33)

is clearly I Rgo, whereas
S}j = {ne Org :n=n® +n® ) o € 9’”“
andn® = ozkek} (34)

is a subset of Q2pg and is also I Ag-. Using (29), we obtain

J (S]:) =J (SI/;) + rexi ((C — ek)G,lm Cer— 1)
and
J(55) =T (S.") + ruzr(Cor. Car)

=.J (S;f) + g7 -

Combining these equalities with Lemma VIIL.3, we have

J(S ):J(S )+’kLk((C*ek)G,k;CGvk*1)
>J(SpH) +awre = J ().

Now, J(S;T) is bounded from below by 0, whereas J(S} ) is
bounded from above by J(S;*%), where S}, ub i any (K — 1)-di-
mensional hyper-rectangle that contains S w » for instance, the
hyper-rectangle micy g4y (I, {eyj, ..., ) . }). Hence, with
this choice of S{“*, one gets

(S/ub) = Z Ly (aj7ng,glax)
FERN{k}
>rp(ar — 2 ((C —er)ak, Car — 1))
Since  A1(+), A2(-),...,Ax(-) are nonincreasing, by

Lemma VILS5, we get

Z Ty (0 n_] max aj)
JERN{k}
> ri(or — 26 ((C—ep)g e, Car — 1))
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whereas
Z T (O rbfﬁax) > Z (0 IL7 max oz‘,-)
JERN{F} JERN{k}
follows by the expression of the function z;(-, -) in (9). [ |

Proof of Theorem IV.8: By Proposition IV.7, any corner
point & of Q2° belongs to the grid G, so it is associated to a
vector G, where oy, = Cq ), for each h.

(i) If a, # 0, then by Lemma VIL9, the condition (32)

holds. However, this is in contradiction with the assump-
tion (10), so one obtains «j = 0.
(i) Proceeding likewise in the proof of (i), it follows that all
the potential corner points of £2° have «p = 0, for all
k € K. Since (0, 0, ..., 0) is never a corner point, it
follows that £2° has no corner points, so it is the complete
sharing policy.
|

Sketch of the Proof of Proposition II1.2 for K > 2: The main
difference with respect to the case K = 2 is in the construction
of the TR, set S~ and the A set ST in Step a) of the proof.
In particular, two sets S~ and ST satisfying a straightforward
extension of Proposition VII.2 to X' > 2 can be built in a similar
way as the sets S, and S,j' in (33) and (34). Regarding Step b),
the condition |7(£2)| = 2 is replaced by |1(Q2)| = K. ]

Sketch of the Proof of Proposition II1.5 for K > 2: The proof
is based on an induction argument (the result has been already
shown to hold for two classes). Suppose that the statement is
true for any (K — 1)-dimensional CC set. Now, for a given
K -dimensional CC set @ C Qg and for j = 0,....nl ..
we consider the projections Q5 1= mic\ (13 (2 N P (j /)) and
Qfg 5 = Tk (Qrr N Px (7). Since all their elements n
have nx = 0, the sets QX and Qffy ; are actually (K — 1)-di-
mensional CC sets, so, by the induction hypothes1s one has
the representaﬂon&lf‘ = (g \UleI((ZR)C“ ), where the

sets CII_ {J* are (K — 1)-dimensional hyperoctants. Then, by in-
creasing the index j from j = 0 to j = nt2 _  one can show

,max’

that each time new corner points of {2 show up, they generate
corner points of {2 with coordinates equal to those of the new
corner points of Qf", with the exception of the K'th coordinate,
which is equal to j. Finally, sets C;” of the required form (i.e.,

K -dimensional hyperoctants assomated to the just deterrnlned

corner points of (?) can be readily generated from the ones C

by adding a suitable constraint on the A'th coordinate. l
Proof of Proposition VI.1: By the definition of the function
.’I,’k('7 ')7 we get

B pj_l
P12 G

Z _l()]_

I‘l((). Bl) = =
’ B B sl
St R I
Bi—1 ¢}
_ 1 Zj:ll i_ll (35)
B ol
Zj:lo %
As Zf:lfl(p{/j!)/ Zf:lo(p{/j!) is smaller than 1, one has

,171(0,31) < p1-
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The following result is obtained in the same way:
72(0, Ba) < pa.

Finally, one has

1 1 1
— < 0,03) < <R< — <7<LA.
p; SHOB) < p2 " ws(0,By) = 7
|
Proof of  Proposition  VI.2: Since Cgr —
xk((C_ek)Gyk;CGA,k — 1) > 1 for Cer # 0, we
have
ZjEIC\{k} Ty (U,niiax) Z - (0 . )
C —ry, C* C —1) = g j,max/ *
a4k ((C—er)a k, Cop—1) ek
Moreover, proceeding likewise in formula (35), one obtains
/\/.
doomm(0nin) < Y mpi= Y T.ij
JER\{k} JER\(k} jekN{ky Y
which concludes the proof. ]

Proof of Proposition V1.3: The proposition is an immediate
consequence of Lemma VII.9 and the characterization of the
restricted complete sharing policy provided in Section VI.8 =
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